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ABSTRACT
We investigate the structure of galaxies formed in a suite of high-resolution cosmolog-
ical simulations. Consistent with observations of high-redshift galaxies, our simulated
galaxies show irregular, prolate shapes with thick stellar disks, which are dominated
by turbulent motions instead of rotation. Yet molecular gas and young stars are re-
stricted to relatively thin disks. We examine the accuracy of applying the Toomre
linear stability analysis to predict the location and amount of gas available for star
formation. We find that the Toomre criterion still works for these irregular galaxies,
after correcting for multiple gas and stellar components: the Q parameter in H2 rich
regions is in the range 0.5 − 1, remarkably close to unity. Due to the violent stellar
feedback from supernovae and strong turbulent motions, young stars and molecular
gas are not always spatially associated. Neither the Q map nor the H2 surface density
map coincide with recent star formation exactly. We argue that the Toomre criterion is
a better indicator of future star formation than a single H2 surface density threshold
because of the smaller dynamic range of Q. The depletion time of molecular gas is
below 1 Gyr on kpc scale, but with large scatter. Centering the aperture on density
peaks of gas/young stars systematically biases the depletion time to larger/smaller
values and increases the scatter.
Key words: galaxies: formation — galaxies: high redshift — galaxies: kinematics
and dynamics — galaxies: star formation — galaxies: structure
1 INTRODUCTION
Recent analytical models of star formation (SF) in galaxies
(e.g., Dekel et al. 2009; Vollmer & Leroy 2011; Kruijssen &
Longmore 2014; Krumholz et al. 2018) have used the Toomre
criterion Q . 1 to identify regions of dense gas in disk galax-
ies that should collapse and form stars. The original Toomre
analysis (Toomre 1964) considers stability of an isothermal
gas layer to linear axisymmetric perturbations in regular,
thin, axisymmetric disks. These conditions are not strictly
satisfied even in many galaxies at low redshift, and are cer-
tainly violated in clumpy, turbulent disk galaxies at high
redshift. Without invoking the Toomre criterion, however,
it is difficult to construct predictive models that could help
interpret observations of galaxies at z & 2 that are expected
from powerful oncoming and future facilities. In this paper
we test the validity of the Toomre analysis for turbulent
irregular galaxies using new state-of-the-art simulations of
galaxy formation.
Deep HST-UDF observations indicate that normal spi-
? E-mail: xim@umich.edu
ral galaxies appear only at redshifts z < 1.5 (Elmegreen &
Elmegreen 2014). At higher redshifts galaxies tend to have
thick stellar disks fragmented into dense stellar clumps (e.g.,
Genzel et al. 2010; Elmegreen et al. 2017). These galax-
ies have kinematics dominated by turbulent motions and
show comparable amounts of molecular gas and stars (Tac-
coni et al. 2013). In some cases enhanced spatial resolu-
tion afforded by gravitational lensing reveals that the loca-
tions molecular gas and UV emission from young stars are
spatially decoupled on sub-kpc scales (Dessauges-Zavadsky
et al. 2017). Measurements of the Toomre Q parameter find
values exceeding unity for ionized Hα gas but giant clumps
appear to be unstable with Q < 1 (Genzel et al. 2014). Sim-
ilarly, in a study of low-redshift analogues of turbulent disk
galaxies Fisher et al. (2017) find that large Hα clumps exist
only in regions with Q < 1.
Numerical simulations have also studied stability of
galactic disks. Li et al. (2005, 2006) calculated the Toomre
Q for a combination of collisional gas and collisionless stars
in isolated disk simulations. Ceverino et al. (2010) and In-
oue et al. (2016) used cosmological simulations of clumpy
high-redshift galaxies and found values of Q > 1 in large
© 2018 The Authors
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parts of the disks. More recent isolated galaxy simulations
show that stellar clumps fragment further on smaller sub-
kpc scales, below the characteristic Toomre mass (Tambu-
rello et al. 2015). These simulations of high-redshift galaxies
show significantly irregular structure of the disks due to fast
gas accretion and stellar feedback. The kinematics of the in-
terstellar medium includes strong turbulent motions on all
scales.
Given this complexity, is it correct to apply the Toomre
analysis to select regions undergoing gravitational collapse
and star formation? How well can we predict the amount
of star-forming gas and star formation rate (SFR) in high-
redshift galaxies?
Our goal is to estimate the accuracy of applying the
Toomre criterion and Toomre fragmentation mass. Using a
recent suite of cosmological simulations of Milky Way-type
galaxies, we verify the validity of the Toomre analysis. We
argue that the Q parameter is a better predictor of the star
formation sites than simply the molecular gas density, be-
cause it covers a smaller dynamic range. We also study the
depletion time of cold gas as a function of spatial scale and,
in agreement with previous non-cosmological studies, show
that the two commonly used approaches (gas-centered and
star-centered) give very different estimates on ∼ 100 pc scales
but converge on kpc scale.
We describe the simulations used for this analysis and
the spatial and kinematic structure of simulated galaxies
in Section 2. We apply the Toomre analysis and calculate
maps of the Q parameter in Section 3. In Section 4 we study
the depletion time of cold molecular gas on different spatial
scales. We discuss the implications of our results for mod-
eling galactic star formation in Section 5 and present our
conclusions in Section 6.
2 STRUCTURE OF HIGH REDSHIFT
GALAXIES
2.1 Simulation Suite
We use a suite of cosmological simulations described in Li
et al. (2017, 2018). These simulations were run with the
Adaptive Refinement Tree (ART) code (Kravtsov et al.
1997; Kravtsov 1999, 2003; Rudd et al. 2008) in a periodic
box of 4 comoving Mpc. All runs start with the same ini-
tial conditions but use different sub-grid model parameters
of star formation and stellar feedback. The initial condi-
tions were selected to produce a main halo with total mass
M200 ≈ 1012 M at z = 0, similar to that of the Milky Way.
The ART code uses adaptive mesh refinement to increase
spatial resolution in the dense galactic regions. The low-
est resolution level is set by the root grid, which in these
runs was 1283 cells. This sets the dark matter particle mass
mDM = 1.05 × 106 M. The refinement strategy is quasi-
Lagrangian, which keeps cell mass within a narrow range.
The finest refinement level is chosen so that the physical
size of gas cells at that level is between 3 and 6 pc. This re-
quired increasing the number of additional refinement levels
gradually with time, from 9 levels at z > 9 to 10, 11, and 12
refinement levels at z ≈ 9, 4, 1.5, respectively.
The simulations include three-dimensional radiative
transfer using the Optically Thin Variable Eddington Tensor
approximation (Gnedin & Abel 2001) of ionizing and ultravi-
olet radiation from stars (Gnedin 2014) and the extragalactic
UV background (Haardt & Madau 2001), non-equilibrium
chemical network that deals with ionization states of hydro-
gen and helium, and phenomenological molecular hydrogen
formation and destruction (Gnedin & Kravtsov 2011). The
simulations also incorporate a subgrid-scale (SGS) model for
unresolved gas turbulence (Schmidt et al. 2014; Semenov
et al. 2016). The star formation is implemented with a new
method that follows the formation of individual star clus-
ters. In this continuous cluster formation (CCF) algorithm
(Li et al. 2017, 2018) each star particle represents a star
cluster that forms at a local density peak and grows mass
via accretion within a spherical region of fixed physical size,
until the feedback of young stars terminates the growth of
the star cluster.
In addition to the early radiative and stellar wind feed-
back, the simulations include a supernova (SN) remnant
feedback model (Martizzi et al. 2015; Semenov et al. 2016).
As the SN remnant model was calibrated by simulations of
isolated SN explosion, rather than multiple SNe that appear
in star clusters, its momentum feedback is underestimated.
In addition, some momentum is lost due to advection errors
as the SN shell moves across the simulation grid. Cosmic
rays accelerated by the SN remnant could also boost the
momentum deposition (Diesing & Caprioli 2018). To com-
pensate for these effects, the momentum feedback of the SN
remnant model is boosted by a factor fboost. The default
value fboost = 5 is chosen to match the star formation his-
tory expected from the abundance matching method, but
the simulation suite contains also runs with different fboost.
In this paper we focus on several runs with different lo-
cal star formation efficiency ff and SN momentum boost
factor fboost. Table 1 contains basic information of these
simulations. The number after ”SFE” in the names corre-
sponds to the percentage of local ff . In SFEturb run ff is
variable and turbulence-dependent (as implemented by Se-
menov et al. 2016). SFE50-SNR3 run is a weaker feedback
run, with the lower SN boost factor fboost = 3. All other
runs have fboost = 5. We focus on the main galaxy in the
last available output of each run and list their masses and
sizes in Table 1. For run SFE200 we analyze the snapshot at
z = 1.78 (same as for SFE10 run), because at the last output
(z = 1.44) the main galaxy is experiencing a major merger
and its morphology is strongly perturbed.
2.2 Surface density profiles
To study the surface density profile of the simulated galaxies,
we need to determine the center of a galaxy and orientation
of the projection plane. We define the galaxy center to be
at the location of maximum stellar density, which is found
iteratively using smaller and smaller smoothing kernels in
Brown et al. (2018). To determine the disk orientation, we
examined several alternative definitions based on the angu-
lar momentum of neutral gas and the principle axes of the
tensor of inertia of gas and stars.
We use the following definition of the inertia tensor (also
called ”shape tensor” in Zemp et al. 2011)
I ≡
∑
k,i, j
Mk rk,i rk, j ei ⊗ ej
MNRAS 000, 1–18 (2018)
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Table 1. Global properties of the main galaxy
Run z Mh (M) M∗ (M) MHI+H2 (M) MH2 (M) Rvir (kpc) Rh,∗ (kpc) Rh,HI+H2 (kpc) Rh,H2 (kpc)
SFE200 1.78 2.37 × 1011 4.06 × 109 2.65 × 109 1.77 × 108 67.9 2.6 3.2 2.3
SFE100 1.50 4.36 × 1011 8.19 × 109 7.23 × 109 8.54 × 108 91.5 2.7 4.7 2.2
SFE50 1.50 4.35 × 1011 7.13 × 109 8.35 × 109 7.47 × 108 91.5 4.0 8.6 2.8
SFE10 1.78 2.50 × 1011 6.46 × 109 4.98 × 109 1.15 × 109 69.0 2.4 3.6 2.3
SFEturb 2.85 1.21 × 1011 2.44 × 109 2.78 × 109 2.59 × 108 39.2 2.2 4.0 2.1
SFE50-SNR3 1.98 2.40 × 1011 1.37 × 1010 3.29 × 109 1.88 × 109 63.5 0.7 1.3 0.9
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Figure 1. Density projection of all gas (upper panels) and stars (lower panels) along three principle axes given by the tensor of inertia
of neutral gas, for run SFE50 at z = 1.5. Z-coordinate corresponds to the minor axis. Thus the right panels are ”face-on” while the left
and middle panels are ”edge-on” views. The projection depth is ±5 kpc.
where Mk is the mass of k-th stellar particle or gas cell,
rk,i are its coordinates in the galactocentric reference frame
(i = 1, 2, 3), and ei are the three unit vectors of the coordinate
axes. The tensor can be diagonalized by a rotation matrix,
to calculate the principle moments of inertia I1 ≥ I2 ≥ I3.
From these we calculate the axis ratios b/a = (I2/I1)1/2 and
c/a = (I3/I1)1/2. The orientation of the disk is given by the
eigenvector corresponding to the smallest eigenvalue.
We find that the angular momentum of neutral
(HI + H2) gas enclosed within a sphere of a given radius can
suddenly change direction between 0.1 Rvir and 0.3 Rvir in
some runs. For example, in SFE50 run it changes by 82°,
and in SFEturb run by 52°, while in the other runs is re-
mains stable within 10°. At large radii the gas typically falls
along cosmic filaments, whereas closer to the center mergers
of galactic clumps can significantly perturb the disk orien-
tation. Since most of the stars and neutral gas in the simu-
lated galaxies are located within 0.1 Rvir, the inner angular
momentum is more relevant to the disk formation. Within
0.1 Rvir the direction of the gas angular momentum is consis-
tent to better than 20° for all runs. The direction of angular
momentum of molecular H2 gas generally follows that of the
neutral gas, to better than 16°. The scale of 0.1 Rvir corre-
sponds to 4−9 kpc (Table 1); it varies from galaxy to galaxy
because of the different redshift of the final available output.
Next we consider the principal axes of the shape tensor
for neutral gas and stars, calculated with the 0.1 Rvir radius
sphere. Their orientation can deviate from the angular mo-
mentum of neutral gas by as much as 36° in SFEturb run
and 24° in SFE50 run. For the other runs they are within
≈ 10°. The moments of inertia calculated separately for the
gas and stars generally agree with each other.
Although we first expected that the cold gas would set-
tle into a thin disk and its angular momentum would be the
best indicator of the rotation plane, we found by experimen-
tation that the shape tensor gives a more consistent defini-
MNRAS 000, 1–18 (2018)
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Figure 2. Axis ratios of all gas (filled circles) and molecular gas
(filled triangles), and all stars (open squares) and young stars
(asterisks) for different runs. The parameter space of the axis
ratios b/a and c/a is divided into three parts to distinguish shapes
of an ellipsoid, following the definition in Zhang et al. (2018) and
van der Wel et al. (2014). The gray shades show the observed
distribution of axis ratios for stars in the high redshift galaxies of
similar mass range to our simulated galaxies (Zhang et al. 2018).
tion of the disk. Therefore, we choose to use the gas shape
tensor to define the disk plane. Similarly, Garrison-Kimmel
et al. (2018) used the inertia tensor of stars to define the
disk orientation in their analysis of FIRE-2 simulations.
Figure 1 shows examples of the density map of gas and
stars projected along the three principle axes. The stellar
distribution is strongly puffed up in the vertical direction
and elongated in the disk plane. The axis ratios from the
shape tensor show that, except for SFE50-SNR3 run, our
simulated galaxies are not thin, axisymmetric disks. The axis
ratios c/a and b/a for stars are generally around 0.4 and
0.6, respectively (for SFEturb run they are around 0.65 and
0.85), while the axis ratios for neutral gas are around 0.3
and 0.5 (for SFE200 run they are around 0.5 and 0.8). Axis
ratios vary from galaxy to galaxy, but except for SFE50-
SNR3 run (which has b/a = 0.9 for stars and b/a = 0.8 for
molecular gas) they all indicate non-axisymmetric, triaxial
shapes for both stars and molecular gas. This can be seen in
the right panels of Figure 1, where the face-on view of the
galaxy is not axisymmetric.
van der Wel et al. (2014) intuitively defined galaxy
shapes to be oblate, prolate, or spheroidal based on the axis
ratios. Here we adopt their definition and plot the axis ratios
for the gas and stars in our simulated galaxies in Figure 2.
Two runs stand out from the rest. The SFE50-SNR3 run
has weaker feedback, which produces a more regular disk
and shows features qualitatively different from all the other
runs. The SFEturb output is at an earlier epoch, which could
be the cause of its different axis ratios of stars from the other
runs with the fiducial feedback strength.
As pointed out by Zhang et al. (2018), the ”spheroidal”
regime also contains triaxial shapes and is better named as
”spheroidal or triaxial”. Zhang et al. (2018) assumed that
the intrinsic shapes of galaxies are triaxial ellipsoids and
fit ellipses with the same b/a axis ratios to isophote con-
tours (instead of using the tensor of inertia). Then they used
a model to reconstruct the three-dimensional shape based
on the observed two-dimensional axis ratios for galaxies in
the multi-wavelength CANDELS survey. They used data in
wavelengths that are as close as possible to 4600A˚ in rest-
frame, which better traces the distribution of young stars.
We show in gray shades in Figure 2 their modeled axis ratio
distribution for the redshift bin 1.5 < z < 2.0 and mass bin
9.5 < log M∗/M < 10, which are closest to our simulated
galaxies. Compared to the observations, the distribution of
stars in our galaxies is typically rounder and thicker, extend-
ing from mildly prolate to triaxial to spheroidal regimes. The
shape of the gas is significantly more flattened, falling into
the prolate regime. Ceverino et al. (2015) and Tomassetti
et al. (2016) also find that the shapes of z ≈ 1− 3 galaxies in
their simulations tend to be triaxial or prolate.
However, the shapes of molecular gas and young stars
are much more flattened (c/a = 0.1 − 0.2) and elongated
(b/a < 0.5). Since the number of young star particles is not
large and their distribution is clumpy (except for SFE50-
SNR3 run) it is easy for young stars and molecular gas to
display an elongated, prolate configuration. The shapes of
young stars and molecular gas are similar, because the stars
form out of molecular gas. As the galaxy evolves and inter-
acts with other galaxies, these newly formed stars leave their
formation sites and settle into a more spheroidal configura-
tion.
Current observations suggest that galaxies transform
from clumpy, thick disks at z & 1.5 (e.g., Elmegreen et al.
2017) to regular, spiral structures at low redshift as galac-
tic disks become less turbulent (Elmegreen & Elmegreen
2014). During this process galaxy shapes transit from pro-
late to oblate (Zhang et al. 2018), while the gas fraction
decreases (Dessauges-Zavadsky et al. 2017). Shibuya et al.
(2016) found that the fraction of clumpy galaxies increases
at z & 2, peaks at z ' 1−2, and decreases at z . 1. This also
indicates that galaxies transit from irregular morphology at
high redshift to more regular, disky shapes at relatively low
redshift.
Figure 3 shows an example of the surface density pro-
file of stars and gas in one galaxy. Stars dominate over gas
near the center but have similar density in the range of radii
0.4 < R < 3 kpc. The gas density decreases less steeply with
radius and begins to dominate over stars at larger radii.
Since some of our galaxies have spheroidal shapes, we chose
a large projection depth of 5 kpc to capture most of the stars
and gas extending above the disk plane. Because of such a
deep projection the molecular gas does not dominate in any
cylindrical shell, but still reaches very high column density,
10 − 50 M pc−2, in the inner few kpc. Outside R = 5 kpc
the H2 density is low. When we calculate the Toomre Q pa-
rameter in later sections, we focus on the square region of
±5 kpc from the center of the galaxy, which contains most
of the star-forming molecular gas. The total gas and stellar
surface densities in this region are comparable. The den-
sity profile of young stars formed within the last 50 Myr is
quite irregular and does not directly follow the distribution
MNRAS 000, 1–18 (2018)
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Figure 4. Comparison of the stellar surface density profiles for
all six runs. Gray line corresponds to an exponential disk with
the scale length of 1.1 kpc.
of molecular gas. We return to this point in the discussion
of density maps.
Figure 4 compares the stellar profiles of galaxies in dif-
ferent runs. Even though our disks are thick, all of them
can still be fit reasonably well by an exponential disk model
with the scale length hR = 1.1 ± 0.1 kpc, in the radial
range 2 − 6 kpc. The only exception is run SFE50 that has
hR ≈ 1.5 kpc. Since the gas density profiles are shallower,
formation of new stars over time would gradually increase
the stellar scale length.
Interestingly, observations of clumpy galaxies at z ' 1−2
(e.g., Shibuya et al. 2016) find surface brightness profiles
with the Se´rsic index of n ' 1, corresponding to an exponen-
tial disk. For example, massive (M∗ ∼ 109.6 M) star-forming
galaxies at 1 < z < 3 in the ZFOURGE survey can be fit by
n ≈ 1.2 and an effective radius of Re ≈ 2 kpc (Papovich et al.
2015; Forrest et al. 2018). This is very close to the effective
radii we obtain for our galaxies: Re ≈ 1.68 hR ≈ 1.8 kpc. Thus
the stellar density profiles of our simulated galaxies are typ-
ical of star-forming galaxies at these intermediate redshifts.
2.3 Velocity dispersion profiles
The kinematics of the interstellar medium in the simulated
galaxies is shaped to a large extent by turbulent flows. The
ART code models the injection of unresolved (subgrid scale)
turbulence by SN explosions, as well as turbulent cascade
from resolved scales. Even though these turbulent motions
decay on a dynamical timescale, they still play an important
role in distributing the SN energy over the neighboring cells
in actively star-forming galaxies.
Figure 5 shows kinematic profiles of the molecular gas
in all six galaxies. Using the previously defined center and
orientation of the disk, the rotation curve is calculated in
linearly spaced cylindrical shells of 200 pc in width. The
SGS turbulence is averaged over the cells falling into the
cylindrical shell. The resolved velocity dispersion σcell is the
residual motion of cells, after subtracting the mean rotation
velocity. Both dispersions are calculated in three dimensions,
weighted by H2 gas mass. When averaged over the cylindrical
shells, the resolved dispersion dominates over the unresolved
SGS turbulence. The resolved dispersion is comparable to
the rotation velocity by amplitude and typically anticorre-
lates in radius.
Two runs stand out from the general trend. The weaker
feedback run SFE50-SNR3 forms a massive bulge, which
leads to the sharp rise of the circular velocity at the center.
The striking difference with the parallel run SFE50 with the
same ff , where the boost factor is only 5/3 times larger, may
seem surprising. In the inner few kpc the rotation velocities
differ by more than a factor of two. A likely cause of such
a difference is in the unstable nature of formation of dense
stellar clumps. If a dense bulge happens to begin forming,
as was the case in run SFE50-SNR3, then stellar feedback
is insufficient to halt its growth until most of the inner gas
is converted into stars. In the other case when momentum
feedback is always sufficiently strong, massive clumps do not
form and subsequent feedback succeeds in regulating star
formation. The other run that shows a rising rotation veloc-
ity towards the center is SFEturb. The last available output
for this run is at a higher redshift than the rest and the
magnitude of the velocity increase is relatively small. It is
difficult to predict whether this increase will persist to later
epochs or conform to the other runs.
The turbulent flows of H2 gas are highly supersonic. The
3D turbulent velocities reach 100− 150 km s−1 and violently
stir the gas clouds in the disk. These flows are responsible for
the thick structure of the gaseous disks of all our simulated
galaxies. They also create significant vertical motion of the
gas clouds.
3 TOOMRE ANALYSIS
The local stability criterion, first derived by Safronov (1960)
and Toomre (1964) and reviewed in Toomre (1977), has been
commonly used to identify star-forming regions in regular
disk galaxies. For a gaseous disk, the Q parameter is defined
as:
Q =
σκ
piGΣ
, (1)
where κ is the epicycle frequency, σ is the velocity dispersion,
and Σ is the surface mass density. A self-gravitating disk is
MNRAS 000, 1–18 (2018)
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Figure 5. Kinematics of the molecular gas in the simulated galaxies, calculated in cylindrical shells: rotation velocity (cyan), subgrid-scale
turbulence (red), resolved turbulence (blue). Grey dashed lines show the circular velocity profile.
stable to axisymmetric perturbations on scale λ if
Q > 2
(
λ
λcrit
− λ
2
λ2crit
)1/2
, (2)
where λcrit is the largest unstable wavelength for a zero-
pressure (σ = 0) disk:
λcrit ≡ 4pi
2GΣ
κ2
.
The disk with Q > 1 is stable on all perturbation scales
λ, but even smaller Q can indicate stability for λ < 12λcrit
(Binney & Tremaine 2008).
The wavelength of the fastest growing perturbation is
not λcrit but instead is given by (e.g., Nelson 2006)
λT ≡ 2σ
2
GΣ
= λcrit
Q2
2
. (3)
It is a two-dimensional analogue of the Jeans wavelength.
The amount of gas contained within a circle of diame-
ter λT is an expected mass that would collapse into a self-
gravitating object, called the Toomre mass:
MT ≡ pi4 λ
2
TΣ =
piσ4
G2Σ
. (4)
In some recent work (e.g., Reina-Campos & Kruijssen 2017;
Pfeffer et al. 2018), the Toomre mass was defined alterna-
tively as the mass within λcrit:
M˜T ≡ pi4 λ
2
critΣ =
4pi5G2Σ3
κ4
. (5)
The two definitions are related by
MT = M˜T
Q4
4
.
For dense clumps with Q < 1, the alternative M˜T can signif-
icantly overestimate the Toomre mass.
The original Toomre criterion applies to a fully gaseous
disk. Real galaxies, and our simulated galaxies, contain gas,
stars, and dark matter. While the dark matter has much
larger velocity dispersion and does not significantly affect
disk stability, stars have velocity dispersion comparable to
gas and contribute additional gravitational force. Different
velocity dispersions, and the corresponding different scale-
heights above the disk plane, of the stellar and gaseous com-
ponents mean that they affect the stability criterion in a
more complicated way. Rafikov (2001) presents a detailed
analysis of the stability of multi-component disks and pro-
vides a modified criterion:
1
QR
= max
k

1
Q∗
2
(
1 − e−q2 I0(q2)
)
q
+
1
Qg
2qξ
1 + q2ξ2
 (6)
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where q ≡ kσ∗/κ, ξ ≡ σg/σ∗, I0 is modified Bessel function
of the first kind, and Q∗ and Qg are the separate parameters
for stars and gas. The maximum is taken over values of the
perturbation wavenumber k = 2pi/λ. This criterion has been
adopted in some simulations of galactic disks (e.g., Li et al.
2005).
Romeo & Wiegert (2011) and Romeo & Falstad (2013)
suggest a simplified version of the modified Q parameter
and show that it reasonably accurately reproduces Rafikov’s
criterion. The modified parameter for N components of the
matter distribution is
QN =
(
N∑
i=1
Q−1i
2σmσi
σ2m + σ
2
i
)−1
(7)
where Qi are the separate parameters for each component:
Qi ≡ σiκ
piGΣi
(8)
and σm is the velocity dispersion of the component with the
lowest Qi . The ratio of dispersions in equation (7) acts as a
weighting factor that reduces the contribution of the other
components with σi , σm. They also suggest additional cor-
rection to account for the thickness of different components.
This correction is small and we do not use it in our analysis
for clarity, but we denote their full formalism for the Toomre
parameter as QRW .
Romeo & Falstad (2013) show that their definition of
QN with N = 2 can accurately approximate Rafikov’s cri-
terion. The definition of Q2 was adopted, for example, in
the model of Krumholz et al. (2018). To examine this ap-
proximation we calculated and compared the values of QR
and Q2 for our galaxies, and found that indeed they agree
to better than 5%. The reason for such a close match can
be understood as follows. If Qg < Q∗, then the maximum of
equation (6) is reached when qξ = 1, and the weighting fac-
tors before Qg are unity for both expressions (QR and Q2)
while the weighting factors before Q∗ evaluate to be within
6% of each other. If instead Qg > Q∗, then the maximum
of equation (6) is reached when q = 1, and the weighting
factors before Qg are the same while the weighting factors
before Q∗ are within 7% of each other. Thus in general the
two expressions QR and Q2 differ by no more than a few
percent.
For the calculation of Q in our simulations we use equa-
tion (7) and consider three components: molecular gas (H2
multiplied by 1.32 to account for helium within molecular
clouds), atomic gas (HI plus HeI), and stars.
The wavelengths λcrit and λT can be evaluated using the
modified surface density:
Σeff ≡
N∑
i=1
Σi
2σ2m
σ2m + σ
2
i
(9)
as
λcrit =
4pi2GΣeff
κ2
, λT =
2σ2m
GΣeff
. (10)
If the velocity dispersions of any two components are
equal, their surface densities can be effectively combined.
For example, if the dispersions of atomic and molecular gas
are the same, σHI = σH2 = σg, then their Qi parameters can
be combined into one
Qg = (Q−1HI +Q−1H2 )
−1 =
σgκ
piG(ΣHI + ΣH2 )
.
Analogously, if stars have the same velocity dispersion as
the gas, their surface density can be added to the sum in
the denominator. For example, Orr et al. (2018) included
the sum of the gas and stars to obtain the total mass surface
density, Σ = Σg+Σ∗, in their analysis of the FIRE simulations.
Using the simulation outputs at the last available epoch,
we calculate projected maps of Q-values in square patches of
physical length L = 0.2 kpc. The orientation of the patches
is aligned with the disk plane, and the projection is along
the direction perpendicular to the disk.
The size L is chosen to contain many gas cells for suf-
ficient averaging, such that numerical discreteness does not
affect the conclusions. The size of individual cells contain-
ing most of the neutral gas varies from about 50 to 100 pc at
redshift z = 1.5. These cells are not at the highest level of re-
finement but dominate the gas mass. Therefore, we restrict
the square patches to be no smaller than 200 pc.
Below we describe the calculation of the three variables
determining the Q parameter: epicycle frequency, surface
density, and velocity dispersion.
3.1 Epicycle frequency
For an axisymmetric disk with near-circular orbits (e.g., Bin-
ney & Tremaine 2008)
κ2 = κ2R ≡
2V¯2
R2
(
1 +
d ln V¯
d ln R
)
(11)
where V¯ is the average azimuthal velocity. We approximate
it by a spherically-symmetric expression for the circular ve-
locity:
Vc(R) ≡
(
GM(R)
R
)1/2
.
The actual circular velocity for a razor-thin exponential disk
is given by the Bessel functions, but the difference is only
∼ 10%, which is below other approximations necessary for
our analysis. In the limit of a flat rotation curve, Vc = const,
and
κ2 = κ2c ≡
2V2c
R2
. (12)
We define separate variables κR and κc to refer to these
commonly used approximations.
Our simulated galaxies have much smaller and irregu-
lar rotation pattern because of additional pressure support
provided by turbulent motions, as shown in Figure 5, and
therefore we do not expect these approximations to hold.
Since the epicycle expansion is done around the mean az-
imuthal velocity, a more appropriate quantity is the actual
rotation velocity V¯ = Vrot. To verify the accuracy of calcula-
tion of κ, we also evaluated the expression
κ2 = κ2φ ≡
2V2rot
R2
(
1 +
d lnVrot
d ln R
)
. (13)
Table 2 shows the distributions of ratios of κ given by
equations (11-13). The epicycle frequencies are calculated
in axisymmetric cylindrical shells of width L = 200 pc. As
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Table 2. Accuracy of calculation of κ in various approximations
κc/κR κφ/κR κT /κR
Run 25-50-75% range 25-50-75% range 25-50-75% range
SFE200 0.79 - 0.84 - 0.94 0.46 - 0.57 - 0.76 0.60 - 0.86 - 1.17
SFE100 0.78 - 0.82 - 0.92 0.57 - 0.66 - 0.79 0.61 - 0.84 - 1.13
SFE50 0.74 - 0.81 - 0.96 0.42 - 0.52 - 0.73 0.61 - 0.89 - 1.21
SFE10 0.75 - 0.86 - 0.96 0.61 - 0.89 - 1.07 0.60 - 0.90 - 1.26
SFEturb 0.75 - 0.85 - 1.03 0.27 - 0.62 - 1.14 0.58 - 0.86 - 1.19
SFE50-SNR3 1.03 - 1.09 - 1.13 0.58 - 0.74 - 0.96 0.49 - 0.76 - 1.11
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Figure 6. Map of H2 surface density with projection thickness of ±2 kpc. Blue contours enclose 80% and 99% of mass of young stars
formed in last 50 Myr. Green contours enclose the same mass fractions of young stars formed only in last 10 Myr.
expected, the median κc is consistently lower than κR by
∼ 15% because the circular velocity curves are still increasing
in the range of radii we consider, R < 5 kpc. However, the
difference is small.
The values calculated directly from the rotation veloc-
ity have a larger spread from κR, by ∼ 30% in the median.
The interquartile range of the distribution of κφ/κR is also
wider, extending from 0.3 to 1.1. However, despite this sig-
nificant scatter from shell to shell, the overall good accuracy
of calculation of κ using the simple approximation of equa-
tion (11) is surprising. It validates our analysis of the Q
parameter to better than a factor of two. For the distribu-
tions of Q parameter described below the epicycle frequency
is calculated in cylindrical shells within the disk plane using
equation (11), except in maps shown in Figure 7 where we
use equation (12) to avoid visual artifacts.
Inoue et al. (2016) used their simulations of high-
redshift galaxies to compare the calculation of κ using the
circular velocity Vc and the actual rotation velocity Vrot. In
agreement with our results, they find that the latter gives
somewhat lower values, but the difference is small. They also
note that the rotation velocity can decrease with radius sud-
denly and lead to κ2 < 0 in some shells in the outer parts of
the galaxies.
In addition to the above approximations, we evaluate
another expression for the epicycle frequency suggested by
Pfeffer et al. (2018):
κ2 = κ2T ≡ −
∑
λi − λ1, (14)
where λi are the eigenvalues of the tidal tensor around the
patch. The maximum eigenvalue is λ1 ≥ λ2, λ3. We calculate
the tidal tensor on the uniform grid of 200 pc patches and
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evaluate the ratio of κT /κR on these patches, instead of the
cylindrical shells as for the other axisymmetric definitions
of κ. The ratio κT /κR is similar to κc/κR but with larger
scatter. The absolute values of κR are similar to those in
Fig. A1 of Pfeffer et al. (2018): κR decreases from around
200 Gyr−1 in inner 1 kpc to ∼ 30 Gyr−1 at R = 5 kpc, for all
runs except SFE50-SNR3.
Having determined the epicycle frequency, we now cal-
culate the corresponding Toomre mass. We use patches of
200 pc, taking Σ to be the gas surface density projected over
± 2 kpc. Then we average MT and M˜T (equations 4–5) in
linearly-spaced cylindrical shells. Our values of MT gener-
ally increase with radius and vary from 108.2 to 1010.6 M
(interquartile range) in the patches with MH2 > 10
6 M (see
Section 3.4 for justification of this threshold). However, M˜T
is systematically higher; it ranges from 108.6 to 1011 M for
the same patches. This is several orders of magnitude larger
than the values found by Pfeffer et al. (2018), mainly be-
cause the gas surface density in our simulations is about an
order of magnitude larger.
Note that Tamburello et al. (2015) account for non-
linear growth of perturbations in collapsing clumps and find
that the actual fragmentation mass is lower than MT by a
factor of several. Subsequent dynamics of collapsed clumps
may also affect their mass because of merging and agglom-
eration with other clumps. We do not investigate the distri-
bution of clump masses in this paper but plan to do it in
follow-up work.
3.2 Surface density
We calculate the surface densities of all components by pro-
jecting over a column of thickness ±2 kpc around the disk
plane. This thickness was chosen to contain most (about
80%) of the gas and stars. Only in SFE200 run such a col-
umn contains 70% of the mass. To account for 80% of the
mass in that run we would need to integrate within ±3 kpc,
but this difference is not essential to our analysis and we
chose to keep the column thickness the same for all runs.
In most patches the gas dominates the surface density.
The median ratio Σ∗/Σg is in the range 0.7 − 0.9 for most
runs. The two exceptions are SFE10 with Σ∗/Σg ≈ 1 and
SFE50-SNR3 with Σ∗/Σg ≈ 2. Most of the gas near the disk is
atomic and some is ionized. Below we investigate specifically
the distribution of molecular H2 gas, which is directly linked
to star formation.
Figure 6 compares the maps of molecular gas density
with star formation rate density. To calculate the star for-
mation rate in a large patch of a galaxy within a given inter-
val of time, we need to take into account a finite duration of
formation of cluster particles in our CCF algorithm (Li et al.
2018). At the very beginning of the formation episode of each
particle, the formation rate is low. Then as particle mass
rises, the gas accretion rate increases and the star formation
rate picks up, until stellar feedback halts the accretion. The
variable τave approximately corresponds to the peak time of
formation rate. Therefore, we take the star particle ”zero
age” to be the moment when it has gone through one τave
after the creation. The typical values are τave ∼ 1 − 2 Myr.
Surprisingly, Figure 6 shows that for the majority of
patches the regions of high H2 density do not coincide with
the regions of high SFR density. It is because strong stel-
lar feedback quickly heats and removes the gas from star
forming regions. This becomes an important point in the
calculation of the depletion time in Section 4.
Observations of high-redshift galaxies (e.g., Daddi et al.
2010; Tacconi et al. 2013; Dessauges-Zavadsky et al. 2017)
provide an analogous comparison of CO and radio contin-
uum maps with optical, UV, and IR images. Observed emis-
sion from molecular gas and young stars is generally in the
same place, but they do not coincide exactly. Other simu-
lation results also show decoupled gas and SFR maps. For
example, in the FIRE simulations, which use ff = 100%,
Oklopcˇic´ et al. (2017) find that gas clumps coincide with
instantaneous SFR maps fairly well, but start to decouple
from the SFR averaged over 10 Myr. The map of SFR aver-
aged over 100 Myr shows that gas clumps do not trace the
SFR peaks at all. This is similar to our results, where SF
averaged over 10 Myr is located near the peaks of molecular
gas, while SF averaged over 50 Myr correlates less well with
the H2 map. Most of the molecular gas is not participating
in star formation at any given time.
3.3 Velocity dispersion
The full velocity dispersion of gas includes three compo-
nents: the sound speed within a cell cs, the subgrid scale
turbulence (SGS; unresolved velocity dispersion) within a
cell σT , and velocity differences between neighbor cells (re-
solved velocity dispersion) σcell:
σ2g = c
2
s + σ
2
T + σ
2
cell.
Using gas mass Mk in a cell k (see two versions below), we
calculate the mass-weighted average of each component for
the cells within a given patch:
c2s =
∑
k Mk c2s,k∑
k Mk
σ2T =
2
∑
k Eturb,k∑
k Mk
(15)
σ2cell =
∑
i=r,φ,z
[∑
k vi,k
2 Mk∑
k Mk
−
(∑
k vi,k Mk∑
k Mk
)2]
.
Here vk is the velocity of cell k in the galacto-centric refer-
ence frame, and Eturb,k is the energy in subgrid-scale turbu-
lence in cell k, which is directly calculated in the simulation.
The goal of Toomre analysis is to identify regions of
the ISM that are unstable to collapse and star formation.
Which parts of the ISM are directly observable depends on
the detection method. Radio observations of CO and HCN
transitions probe dense molecular gas, while 21-cm line tech-
nique detects atomic hydrogen gas. To facilitate comparison
with both types of observations, we consider two versions of
the Q parameter, which differ only in the weighting of the
velocities. In one version the sound speed and the resolved
velocity dispersion are weighted by the mass of molecular
gas, Mk = MH2 , while in the other they are weighted by the
mass of total neutral gas, Mk = MHI+H2 . In the expression
for the SGS turbulence, Mk is always the total gas mass. For
most of our analysis we use the result of weighting by the
H2 mass; it is therefore implied by default. Only when we
discuss the distribution of neutral gas, we use the HI + H2
mass weighting for consistency.
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Figure 7. Map of the Q parameter in all six runs, at the last available output. Contours in red show the surface density of stars younger
than 50 Myr enclosing 80% and 99% of the mass of these stars. Yellow contours enclose the same mass fractions of young stars formed
only in last 10 Myr. The values of Q are calculated using the κc definition to avoid visual artifacts.
We take the sum over all cells in a given square patch,
projected over ±0.8 kpc. We chose this smaller projection
length than for the surface density to capture most of the
molecular gas while avoiding the contamination by ionized
gas that could skew the measurement of the sound speed.
This choice also limits the resolved velocity dispersion. The
column ±0.8 kpc contains over 90% of H2 mass in all runs
except SFEturb (which contains 80%).
Within patches of L = 0.2 kpc the SGS turbulence dis-
persion is typically larger than the resolved dispersion. The
median ratio σcell/σT ≈ 0.6, when σcell is H2 mass weighted.
This situation is different from the azimuthal averages shown
in Figure 5, where σcell is the tangential velocity dispersion
of cells in a cylindrical shell. Here instead we compute σcell
using the actual local mean velocity in a patch. This reduces
the residual dispersion substantially.
The velocity dispersion of stars is calculated simply as
inter-particle dispersion, analogously to σcell but weighted
by stellar mass. In most patches (over 75%), the stellar dis-
persion dominates over the gas dispersion. The median ratio
σg/σ∗ ≈ 0.4 for the molecular H2 gas and 0.5 for the neutral
HI + H2 gas.
3.4 Distribution of the Q parameter
Figure 7 shows projected maps of the Q parameter and com-
pares them with the star formation rate density. The maps
of Q generally follow the maps of gas density but pick out
sharper features, such as spiral arms or filaments reaching to
the galactic center. The dynamic range of Q is significantly
reduced relative to that of the molecular gas surface density,
which makes Q a useful predictor of future star-forming re-
gions.
An example of the weak feedback run (bottom right
panel) illustrates that some high-density regions may not be
unstable because of a steep potential well and high veloc-
ity dispersion. Thus a simple density threshold would not
correctly pick gas patches that are unstable to gravitational
collapse.
In Figure 8 we show the cumulative distribution of Q,
weighted by the mass of molecular (left panel) and all neutral
hydrogen (right panel). That is, the left panel shows the
fraction
MH2 (< Q)
MH2
,
and analogously for HI + H2 in the right panel. The weaker
feedback run SFE50-SNR3 shows a very different distribu-
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Figure 8. Cumulative distribution of the molecular H2 (left) and neutral HI + H2 (right) gas mass within ±2 kpc as a function of Q. The
velocity dispersion used to calculate Q for the right panel is weighted by the HI + H2 mass for consistency. The epicyclic frequency is
calculated using the κR definition.
tion, but all other runs with the same feedback strength
show consistent results. The cumulative H2 masses are ris-
ing sharply around the median values Q ≈ 0.5 − 1.0. These
medians are remarkably close to unity, given the many ap-
proximations in our calculation of the Q parameter and the
irregular structure of these high-redshift galaxies. It also sug-
gests that majority of the molecular gas is in the marginally
stable dynamical state, which may indicate self-regulation
of star formation by stellar feedback.
The distribution of neutral gas mass is shifted system-
atically towards higher values of Q ≈ 1.5−2.6. The difference
is mainly because the H2 weighting selects regions of higher
surface density and slightly lower velocity dispersion, both
of which reduce Q.
The Toomre analysis indicates that there is a threshold
at Q . 1 to distinguish the unstable regions of the disk. It
is given by equation (2) that depends on the ratio of the
perturbation scale to the largest unstable wavelength. To
test the applicability of this analysis to the simulated galax-
ies, we calculated the largest unstable wavelength λcrit on the
patches that are capable of forming stellar particles. Because
of the minimum adopted mass of stellar particles in the sim-
ulations (∼ 103 M), patches with insufficient H2 mass are
unable to produce even a single particle. This is a numerical
resolution limitation and therefore, such patches should not
be included in our analysis. In fact, the patch size is much
larger than the size of star-forming regions adopted in our
runs (∼ 5 pc) and so the limiting mass should be significantly
larger than the minimum particle mass. Accounting also for
the low star formation efficiency in some of the simulations,
we set the threshold H2 mass at 106 M. Experimentation
with lower values (104−105 M) showed that the median λcrit
decreases as the threshold decreases, by ≈ 1 − 2 kpc. How-
ever, we choose the larger threshold value because it leads
Table 3. Distribution of λcrit and λT in patches of L = 0.2 kpc
λcrit (kpc) λT (kpc)
Run 25-50-75% range 25-50-75% range
SFE200 2.3 - 5.1 - 11.8 2.1 - 3.4 - 6.7
SFE100 3.4 - 6.4 - 16.0 1.5 - 2.5 - 4.7
SFE50 4.8 - 7.6 - 15.6 1.5 - 2.9 - 7.2
SFE10 2.8 - 4.2 - 6.2 1.4 - 2.2 - 5.1
SFEturb 3.1 - 4.8 - 10.2 0.9 - 1.3 - 2.6
SFE50-SNR3 1.1 - 1.6 - 2.5 3.0 - 5.9 - 11.7
to a more reliable calculation of the depletion time in the
next section.
Table 3 shows the cumulative distributions of λcrit for
patches of 0.2 kpc on the side with H2 mass above 106 M.
The critical wavelength is quite large, between 4 and 8 kpc in
the median for all stronger feedback runs. Such large values
are caused mainly by the high surface density of gas and
stars in these high-redshift galaxies.
The values of the Toomre wavelength λT are system-
atically lower and range between 1 − 3 kpc in the median.
SFE50-SNR3 run is again an exception because of its higher
Q values. The relation between the two wavelengths, given
by equation (3), is still valid even for the multi-component
definition of the Q parameter.
In Figure 9 we compare the median values of Q for all
the runs with the expected relation given by equation (2).
We adopt the patch size as the perturbation wavelength λ.
Because of large values of the critical wavelength, the ratio
λ/λcrit is only a few percent. The median Q are all above the
expected relation, yet within a factor of two from it. The
lower quartile range values approach the analytical relation.
We should not expect an exact match because of the approx-
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Figure 9. Median values of Q for patch size L = 0.2 kpc. Error-
bars show the interquartile ranges in both axes. Distribution of Q
is weighted by H2 mass. Distribution of λcrit is obtained for patches
with MH2 > 10
6 M to exclude regions unable to produce stellar
particles in the simulations. We take the perturbation wavelength
λ to be equal the patch size L. Arrows point in the direction of
change of the medians for both variables when the patch size is
increased to L = 0.4 kpc. Solid line is the expected relation from
Toomre’s analysis, given by equation (2).
imations mentioned above, and the factor-of-two agreement
is already interesting.
We can still test the expected increase of Q with the
ratio λ/λcrit. For this we recalculate the Q parameter and
the wavelength λcrit for a larger patch size of L = 0.4 kpc.
The arrows in Figure 9 show the direction of change for both
variables. Remarkably, they point in the direction expected
from the linear theory.
The condition Q < 1 could be used to select star-forming
regions. The gas mass in patches that satisfy this condition
is ∼ (1−5.5)×108 M, which generally accounts for 60-70% of
the total H2 mass (except for the weaker feedback run, which
has less than 10% of the H2 mass in Q < 1 patches). This
mass is comparable to the mass converted to stars within
50 Myr. Except for SFE50-SNR3 run, the ratio of mass of
young stars formed within 50 Myr to mass of H2 in patches
with Q < 1 varies between 0.34 and 3 for the different runs.
Therefore, we can expect that most of the present molecular
gas would be converted to stars on a timescale 50-100 Myr.
This estimate is very approximate because Figure 7 shows
that the star forming regions do not align with the unstable
Q < 1 patches after 50 Myr. The match is better for very
young star formation within only 10 Myr. In the next section
we investigate the gas consumption timescale in detail, and
consider different patch sizes and different ways of centering
the search region.
4 GAS DEPLETION TIME
An important measure of the global efficiency of star forma-
tion in galaxies is the gas depletion time. For our patches of
size L, we define it as the ratio of the molecular gas surface
density to the surface density of star formation:
tdep(L) =
ΣH2 (L)
ΣSFR(L)
. (16)
Schruba et al. (2010), Feldmann et al. (2011), and Krui-
jssen & Longmore (2014) showed that the value of the de-
pletion time depends on the spatial scale at which it is mea-
sured. It also depends on how the densities of gas and stars
are calculated. In most observations they are counted in cir-
cular apertures centered on peaks of SFR density. Such re-
gions may not already contain most of the gas they had
before the onset of the star formation episode, resulting in
relatively short depletion timescales. On the other hand, if
the apertures are centered on peaks of the current gas den-
sity, the depletion times appear systematically longer.
To compare these two approaches, we use the following
algorithm to calculate the surface densities of gas and SFR
in patches of 100, 300, 500, and 1100 pc. First, we cover the
plane of the galaxy with a rectangular grid of 100×100 cells,
each 100 pc wide and ±2kpc thick, and calculate ΣH2 and
ΣSFR in each cell. To go to larger size of 300 pc, we search
for maximum of H2 mass (or SFR), record the position of
that peak, group the peak and its surrounding 32 − 1 = 8
cells into a larger patch and sum the H2 mass and SFR in
this group. We label these 9 cells as ”counted” and repeat
the loop for the yet uncounted cells. Now we have a list of
patches of 300 pc. Then we repeat this procedure for the
chosen peaks and group 52 cell to obtain patches of 500 pc,
etc.
Using this algorithm, we calculate the depletion time
tdep of H2 gas in patches of different size from 100 pc to
1.1 kpc. The patches are chosen to be centered on peaks
of H2 mass or SFR. For the ”centered-on-gas” version, we
calculate the median of tdep in patches with MH2 > 10
6 M
to eliminate the low-density regions that would be unable to
form stellar particles in our cluster formation algorithm, and
count the SFR averaged over 50 Myr for better statistics. For
the ”centered-on-SFR” or ”centered-on-young-stars” version
(which we call ”centered-on-stars” for brevity), we consider
patches with any non-zero SFR, and count the SFR aver-
aged over 10 Myr in order to approximate more closely the
instantaneous star formation.
To show the full range of tdep in both versions, in Fig-
ure 10 we plot the cumulative distribution of tdep for patches
of the smallest size (100 pc). In the ”centered-on-gas”version
(left panel), the cumulative distributions of tdep weighted by
H2 mass do not reach 100%. This happens because some
patches contain no stellar particles and therefore have for-
mally infinite depletion time. The number of such patches is
particularly large for SFE200 run, which has strongly mis-
aligned molecular gas and young stars (see Figure 6). For the
median H2 mass the depletion time ranges between 109.5 and
1010.5 yr in the strong-feedback runs.
In contrast, the right panel shows that the deple-
tion time in the ”centered-on-stars” version is significantly
shorter, typically below 108 yr. Such discrepancy between
the two counting methods is due to the gas-star misalign-
ment which we emphasized above. Most of the star-forming
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Structure of high-redshift galaxies 13
106 107 108 109 1010 1011
tdep(yr) (centered on gas)
0.0
0.2
0.4
0.6
0.8
1.0
fra
ct
io
n 
of
 M
H 2
(t
<
t d
ep
)
SFEturb
SFE10
SFE50
SFE100
SFE200
SFE50-SNR3
106 107 108 109 1010 1011
tdep(yr) (centered on star)
0.0
0.2
0.4
0.6
0.8
1.0
fra
ct
io
n 
of
 S
FR
(t
<
t d
ep
) (
in
 1
0M
yr
)
SFEturb
SFE10
SFE50
SFE100
SFE200
SFE50-SNR3
Figure 10. Cumulative distribution of the depletion time of molecular gas in patches of 100 pc in size. Left panel is for patches with
MH2 > 10
6 M centered on gas density peaks, weighted by H2 mass. Right panel is for patches with non-zero SFR within 10 Myr centered
on SFR peaks, weighted by SFR.
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Figure 11. Cumulative distribution of H2 depletion time for ”centered-on-gas” (left panel) and ”centered-on-stars” (right panel) versions
for patches of different size. Here we show run SFE10 as an example. For ”centered-on-gas” version, we use patches with MH2 > 10
6 M
and weight them by H2 mass. For ”centered-on-stars” version, we use patches with non-zero SFR and weight them by SFR. As patch size
increases, the distribution shifts to smaller tdep for ”centered-on-gas” case and to larger tdep for ”centered-on-stars” case, similarly to the
trend shown in Figure 12.
sites have so little gas left within 100 pc that it would be
exhausted in a relatively short interval of time.
Both versions of the gas depletion timescale vary
strongly with the spatial scale on which they are calculated.
To illustrate this dependence, we choose two representative
runs (SFE50 and SFE10) and in Figure 11 we plot cumu-
lative distributions of tdep for different patch sizes. The dis-
tribution of tdep in the ”centered-on-gas” version shifts to
smaller values as patch size increases, by an order of mag-
nitude between 100 pc and 700 pc. This shift is monotonic
with the patch size and similar for the two runs shown.
The ”centered-on-stars” version shows the opposite
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trend: tdep shifts to larger values. This change is roughly
monotonic but differs between the two runs. In one case
where tdep was very short on 100 pc scale (SFE50) the in-
crease is dramatic, by about two orders of magnitude. In the
other case with larger tdep (SFE10) the increase is only by a
factor of two.
Adopting lower values of the threshold MH2 > 10
4 −
106 M increases the fraction of patches with infinite tdep,
leading to larger scatter in tdep. If the threshold is taken to
be 104 M, even the median value of tdep in SFE200 run is
infinite for all patch sizes. In the other runs, the median
value of tdep changes within 0.5 dex for the smallest patch
size, and correspondingly less for larger patch sizes. On the
other hand, increasing the threshold mass greatly reduces
the available number of patches, so we do not set the thresh-
old above 106 M.
Despite the above variations, the estimate of tdep in both
versions for all runs approaches a similar common range at
the largest considered scale, L = 1.1 kpc. This convergence
is illustrated in Figure 12. The median values over patches
for different runs are all contained within 108 − 109 yr. Un-
like Figures 10 or 11, here the statistics of patches are not
weighted by gas mass or SFR. The convergence is not strictly
monotonic in all runs and there is large scatter from patch
to patch. It is illustrated by shaded regions for one run;
the amount of scatter is typical of all runs. In Section 5.2 we
compare our results with the expectation of models of galac-
tic star formation and available observational estimates.
The depletion times for gas-centered and star-centered
patches do not match exactly on the largest scale, because we
average the SFR over different timescales in the two cases:
50 Myr for gas-centered patches and 10 Myr for star-centered
patches. The reason for using different timescales is that
young stars and molecular gas coincide little in our simula-
tions due to strong feedback. Averaging the SFR in 50 Myr
for star-centered tdep would lead to values smaller by several
orders of magnitude.
We have also checked how the estimate of the depletion
time varies with time, by examining previous outputs of each
run. For the weaker feedback run SFE50-SNR3, the differ-
ence on all scales is small. For the other runs, the depletion
time on kpc scale generally changes by factor of a few, while
on smaller scales the difference is larger. The variation of
tdep is larger for ”center-on-stars” patches than for ”center-
on-gas” patches, because the value of SFR over 10 Myr is
more stochastic, leading to larger scatter in tdep. Galaxies
going through a merger show more divergent estimates of
tdep for both ”center-on-gas” and ”center-on-stars” versions
on all scales, because of smaller overlap of SFR and molec-
ular gas. The scatter of depletion time in previous outputs
is similar to the scatter in snapshots shown in Figure 12.
4.1 Dependence of the depletion time on gas
metallicity
We calculated the median values of the H2 depletion time for
patches of interest with metallicity higher and lower than the
median metallicity. For almost all runs and all patch sizes, in
both versions, the median tdep of patches with high metal-
licity is smaller than that of patches with low metallicity.
However, the whole metallicity distribution is contained to
a very narrow range (the interquartile range is smaller than
0.1 Z for all runs except SFE50-SNR3) such that the dif-
ference between the ”high-metallicity” and ”low-metallicity”
values cannot be expected to lead to any substantial differ-
ences in physical properties of the gas. At the same time,
the SFR density has a very large spread of several orders
of magnitude in both cases. Therefore, we think that the
dependence of tdep on metallicity cannot be robustly deter-
mined with our data.
5 DISCUSSION
5.1 Toomre analysis
The Toomre Q parameter has been measured in several ob-
servational studies, at high and low redshift. Genzel et al.
(2011) mapped four z ≈ 2 star-forming galaxies in gaseous
Q, including a correction for multiple components. They find
that Hα clumps marking young stellar systems are present at
the locations of gravitationally unstable gas (Q . 1). How-
ever, this correspondence could result from their indirect in-
ference of the gas density by using the same Hα flux coupled
with the global star formation relation. Follow-up work by
Genzel et al. (2014) find values of Q < 1 in the outer regions
of the observed galaxies and an increase towards the center,
which they associate with higher central mass concentration
and larger κ.
Romeo & Wiegert (2011) and Romeo & Falstad (2013)
used their Q2 and Q3 definitions to calculate the Toomre
parameter for a sample of nearby spiral galaxies from the
THINGS survey of Leroy et al. (2008). They find values of
Q ≈ 2−5, and no strong trend with galactocentric radius. In
one third of the galaxies Q is dominated by H2 in the inner
parts and in the rest it is dominated by stars at all radii.
Westfall et al. (2014) used integral field spectroscopy for 27
nearby face-on spiral galaxies from Martinsson et al. (2013)
to calculate QRW , which is equivalent to Q2 but includes cor-
rections for disk thickness (Romeo & Wiegert 2011). They
find Q ≈ 1−3, with some increase near the center due to ris-
ing κR. In two thirds of their galaxy sample, Q is dominated
by the cold gas. Finally, Hitschfeld et al. (2009) estimate
Q ≈ 2 − 4 for the M51 galaxy, with smaller Q in spiral arms
and in the outer disk. The total Q, calculated as a three-
component sum assuming equal velocity dispersions, shows
no obvious radial trend but the gaseous component Qg alone
increases towards the galaxy center.
In summary, observations of low-redshift galaxies indi-
cate marginally stable disks, with occasional collapsing re-
gions due to spiral arms or other gravitational perturba-
tions. In contrast, high-redshift galaxies show more unsta-
ble regions and higher star formation rates. Our simulated
galaxies resemble these high-redshift observations, however,
we do not find the values of Q increasing towards the galaxy
center. Our distribution of Q is very patchy, and in general
Q increases towards the outer parts with low gas density.
Various numerical simulations of galaxy formation have
also investigated the Toomre stability criterion. For iso-
lated disk galaxies, Li et al. (2005) used the full Rafikov
(2001) definition of the Q parameter, and found that the
star-formation timescale increases exponentially with QR.
Li et al. (2006) further found an anti-correlation between
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the SFR and the minimum value of Q within the disk. This
trend probably arises because both quantities depend on the
gas density: SFR ∝ Σ and Qmin ∝ Σ−1. Westfall et al. (2014)
find a similar anti-correlation in their sample between the
SFR surface density and Qmin, although with large scatter.
For our galaxies, the lowest value of Q in patches is not rep-
resentative of all star formation, but we checked that the H2
mass-weighted median value of Q does not correlate with the
SFR.
In simulations of high-redshift (z ' 2.3) galaxies, Cev-
erino et al. (2010) calculated a two-component Q and found
unstable regions in spiral arms and dense clumps. More re-
cently, Inoue et al. (2016) calculated the Q2 parameter for
their high-redshift clumpy disk galaxies after removing the
bulge and treating stars younger than 100 Myr as a gas
component. They found relatively high values Q & 2 − 3
in interclump regions and Q < 1 only in very dense clumps.
They also found that clumps begin forming with a high value
of Q, which then decreases as clumps become denser. Such
stable disks could be a consequence of high mass concentra-
tion and low gas density, resulting from insufficiently strong
stellar feedback. We find similarly high Q values, low gas
fraction, and high SFR& 10 M yr−1 in our weak feedback
SFR50-SNR3 run.
Analysis of the FIRE simulations presented in Oklopcˇic´
et al. (2017) has a very similar setup to ours: a 10 kpc square
grid, with a 50 pc cell size smoothed to ∼ 120 pc to identify
stellar clumps. They calculate the gaseous parameter Qg by
approximating σ = σz and κ = Ω, and find that many gas
clumps at the z ≈ 2 output overlap with regions of Q < 1,
but do not match exactly. This is similar to our results that
low values of Q trace high-gas-density regions. We are also in
agreement that the spatial coincidence between gas density
peaks and SFR peaks washes out with increasing age of the
stars.
To summarize our analysis of disk stability, we can ask:
How well does the Q < 1 criterion work to predict the lo-
cation and amount of star formation in these high-redshift
galaxies? Is it a better criterion than a simple threshold on
the H2 density? We think the answer is yes.
The amount of H2 currently contained within the con-
tours enclosing 99% of SFR, averaged over 50 Myr, is similar
to that in patches with Q < 1. However, when we look only at
regions containing 99% of SFR within the shorter timescale
of 10 Myr, the H2 mass shows much more variation among
the different runs (with the same stronger-feedback prescrip-
tion): from 0.04 to 90 times the mass of stars formed in this
period. Even if we select the very narrow part of the disk,
calculating the column density of gas and SFR within only
±0.2 kpc, the range of variation still extends from 0.3 to 38
times. In contrast, the H2 mass selected by the Q < 1 crite-
rion varies only between 5.5 and 220 times the young star
mass. This shorter range of variation makes the Q criterion
more useful for predicting future star formation.
Another way to make this comparison is to define a
threshold in H2 surface density such that the mass contained
in patches above that threshold matches the mass in patches
with Q < 1. We find that this threshold would vary from 48
to 110 M pc−2 for the different strong-feedback runs, that is,
by more than factor of two. For HI + H2 gas the correspond-
ing thresholds would be even higher: 140−250 M pc−2. (For
the weak-feedback run the thresholds are another order of
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Figure 12. Depletion time of H2 for ”centered-on-gas” (solid
lines) and ”centered-on-stars”versions (dashed lines) as a function
of patch size. For ”centered-on-gas” version, we take the median
of tdep in patches with MH2 > 10
6 M. For ”centered-on-stars” ver-
sion, we take the median of tdep in patches with non-zero SFR.
Shaded regions show the 40%-60% range of the values of tdep for
SFE10 run, to illustrate the typical wide spread of the distribu-
tion.
magnitude larger.) These densities significantly exceed the
prediction of Schaye (2004) model, in which transition to
star-forming gas in present-day galaxies is expected to hap-
pen at 3 − 10 M pc−2. This may be an evidence for denser
and more compact ISM in galaxies at z ≈ 1 − 2.
5.2 Depletion time
Utomo et al. (2017) and Colombo et al. (2018) measured
the depletion time of molecular gas on kpc scale in the
EDGE-CALIFA survey of nearby galaxies. They found tdep ≈
2.4 Gyr, with large scatter of about 0.5 dex. The depletion
time decreases near the center in some of the galaxies, espe-
cially at lowest masses M∗ . 1010 M.
For high-redshift galaxies the depletion time of molec-
ular gas appears to be shorter. According to Genzel et al.
(2010), the depletion time for normal star-forming galax-
ies decreases from 1.5 Gyr at z ≈ 0 to 0.5 Gyr at z ≈ 2.
Tacconi et al. (2010, 2013) measured tdep ≈ 0.7 Gyr, with
a dispersion of 0.24 dex, in a survey of z ≈ 1 − 3 galaxies
with M∗ > 2.5 × 1010 M and SFR& 30 M yr−1. However,
it is important to note the large scatter associated with this
mean trend – a small selection of galaxies may deviate signif-
icantly. For example, Tadaki et al. (2018) find a very short
depletion time of 108 yr in a sub-mm starburst galaxy at
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z = 4.3. This galaxy shows giant kpc-scale molecular gas
clumps with low Q ≈ 0.3, due to the very high gas density.
Forrest et al. (2018) also find spread of two orders of mag-
nitude for the specific SFR of 1 < z < 4 galaxies in the large
ZFOURGE survey.
Our simulated galaxies, except in the weaker feedback
SFE50-SNR3 run and the higher-redshift SFEturb output,
show comparable values of tdep to the observations of z ≈ 1−2
galaxies. When averaged in cylindrical shells, the depletion
time roughly follows the trend of decreasing towards the
center but given the strong patch-to-patch variation we do
not study it further.
Recent observations by Rebolledo et al. (2015) and
Leroy et al. (2017) have been able to probe individual star-
forming regions on scales below 100 pc in nearby galaxies.
They reveal a wide scatter of SFR density by three orders
of magnitude at H2 densities 10 − 103 M pc−2. Our simula-
tions show a correspondingly large scatter in the local de-
pletion times. Taking the patches above our adopted thresh-
old on the H2 mass, which corresponds to the surface den-
sity of 106 M/(200 pc)2 = 25 M pc−2, we find few individual
patches with tdep < 108 yr in the stronger-feedback runs.
This corresponds to the lowest bound derived by Rebolledo
et al. (2015). We find some patches with tdep > 1010 yr, which
fall above the observed upper limit. However, such regions
are more likely to escape detection because of their lower
SFR. There is no systematic trend with ff used in the simu-
lation. Also, as with most of our results, the weaker-feedback
run is an exception, as it contains patches with the depletion
times as short as 107 yr.
The high-redshift galaxies appear to have a high molec-
ular gas fraction: Tacconi et al. (2013) measured fmol =
Mmol/(Mmol + M∗) ∼ 50%. After correcting for incomplete-
ness, fmol lowers to 30 − 40%. That fraction is larger than
what we find for our simulated galaxies (about 15%), even
though our galaxies are less massive and therefore should
be more gas-rich. Daddi et al. (2010) also found the molec-
ular gas fraction of galaxies at z ≈ 1.5 to be ∼ 50 − 65%. At
very high redshift, the molecular gas fraction is even larger:
Dessauges-Zavadsky et al. (2017) measured fmol ≈ 60 − 79%
for a lensed M∗ ∼ 5× 109 M galaxy at z ≈ 3.6. In our galax-
ies the fraction of neutral gas reaches about 50%, but the
fraction of molecular gas stays low regardless of the value
of local star formation efficiency adopted in the simulation
(see Table 1).
Theoretical models predict the scaling of the depletion
time with properties of star-forming regions. Semenov et al.
(2017) constructed an analytical model based on the mass
conservation and the physical picture of rapid gas evolution
between star-forming and non-star-forming states to study
tdep and the fraction of gas that participates in star forma-
tion. They tested this model with a suite of L∗-sized galaxy
simulations (Semenov et al. 2018) with different values of ff ,
feedback strength fboost (b in their notation), and star for-
mation threshold. According to their model, gas regulation
in galaxies is divided into two regimes: the self-regulation
regime where feedback is strong or ff is large enough, and
the dynamics-regulation regime where feedback is weak or
ff is small. In the dynamics-regulation regime, the supply
of star-forming gas is balanced by dispersal due to dynam-
ical processes such as turbulent shear, differential rotation,
etc. The depletion time is inversely proportional to ff , and
the star-forming gas fraction is insensitive to ff or feedback
strength. In the self-regulation regime, gas spends most of
the time in non-star-forming stages, and gas regulation is
mainly controlled by star formation and feedback. The de-
pletion time scales with feedback strength, but is insensitive
to ff . The star-forming gas fraction is small and scales in-
versely with fboost and ff . Although the model is formulated
for the depletion time of all gas on kpc scales, the behav-
ior of tdep,H2 and H2 fraction with different ff and feedback
strength is similar.
Our simulated galaxies fall in the self-regulation regime.
Consistent with the Semenov et al. (2017) model, our tdep,H2
on the largest scale shows a slightly decreasing trend with
ff , although non-monotonic and with large scatter. It may
be mainly due to the fraction of gas in molecular phase,
MH2/MHI+H2 , generally falling with ff . The weaker feedback
run has slightly smaller tdep,H2 and higher H2 fraction than
the other runs, which is also consistent with their model.
The scale dependence of tdep is also similar, but our results
are less regular and show significant scatter.
Galactic star formation relations are expected to break
down below a certain spatial scale due to incomplete sam-
pling of star formation or gas tracers, and relative motion
of dense gas and young stars because of stellar feedback.
The scatter of star formation relations, coming from the dis-
creteness and stochasticity of star formation, and drifting
of young stars, becomes more significant on smaller scales
(Feldmann et al. 2011, 2012). Kruijssen & Longmore (2014)
constructed a model to describe this breakdown of SF rela-
tions based on the concept that a galaxy consists of many
independent star-forming regions separated by some length
scale, and that these regions are going through the SF pro-
cess during which gas and/or young stars can be observed
by some tracer. The timescale of the whole SF process is a
combination of the epoch when gas is visible (tgas) and when
stars are visible (tstar), with some overlap time (tover). The
scatter in tdep increases from ∼ 0.1 dex on kpc scale to ∼ 1
dex on tens of pc scale for randomly positioned apertures.
Centering apertures on gas or stellar peaks systematically
biases tdep – centering on gas peaks overestimates tdep and
centering on stellar peaks underestimates tdep – making the
”tuning fork” diagram, as shown in our Figure 12. The rela-
tive durations of the various phases of SF process ultimately
determine the excess or deficit of tdep on small scales.
Kruijssen et al. (2018) provide a detailed method to
reconstruct the timescales of star formation and feedback
(tgas, tstar, tover) from the maps of gas and stellar flux. Using
their method requires that the SFR for both gas-centered
and star-centered apertures is averaged over the same time
span. We find the ratio of the gas-centered to star-centered
tdep about a factor of 100 at the smallest scale of 100 pc,
with a very large variation between the different runs; these
numbers exceed even the largest expected spread shown in
Kruijssen et al. (2018). From our Figure 12 we can at least
see that our tgas is much larger than tstar (taken to be 10 Myr
here). From Figure 6 we can infer that our tover is definitely
smaller than 50 Myr, and probably close to 10 Myr, which
explains why we have so many infinities in the gas-centered
determination of tdep. The depletion time is so short on small
scales when centered on stars that dense gas does not coin-
cide with young stars, and causes formally infinite tdep.
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6 SUMMARY
We have investigated the structure of high-redshift (z ≈
1.5 − 2) galaxies in a suite of cosmological simulations with
different star formation efficiency and feedback strength.
Our main results are summarized below:
• Unlike the regular appearance of low-redshift disk
galaxies, the galaxies in our simulations have thick stel-
lar disks with irregular, prolate shapes. The kinematics are
dominated by turbulent motions and not by rotation. The
stellar surface density profiles are approximately exponen-
tial, with the scale length of about 1 kpc.
• Although the vertical scale heights for all gas and all
stars are large, cold molecular gas is concentrated in rela-
tively thin disks. Young stars, which form from the molec-
ular gas, likewise have the distribution with axis ratios
c/a = 0.1 − 0.2.
• Spatial correlation between the peaks of gas density and
SFR deteriorates with the age of stellar population and al-
most disappears after ∼ 50 Myr, because of stellar feedback
dispersing old gas clouds around star-forming regions.
• We calculate the maps of Toomre Q parameter in
patches of 200 pc, combining three components with dif-
ferent velocity dispersions: stars, molecular gas, and atomic
gas. The median value of Q weighted by H2 mass is in the
range 0.5 − 1, surprisingly close to unity given the irregular
structure of the galaxies.
• The median value weighted by neural HI + H2 mass is
higher: Q ≈ 1.5−2.6. The Q parameter in the weaker feedback
run SFE50-SNR3 is systematically larger than in the other
runs, because of the low gas density and high central mass
concentration.
• The dynamic range of Q maps is much smaller than
that of the H2 surface density maps, making the Toomre Q
parameter a better indicator of unstable regions that would
collapse and form stars. The Q parameter also depends on
the spatial scale over which it is calculated: enlarging the
averaging scale increases the value of Q.
• The depletion time of molecular gas in our galaxies is
around 1 Gyr on the kpc scale, with large scatter from run
to run. On smaller scales, tdep splits to systematically larger
or smaller values when centering the aperture on gas peaks
or stellar peaks, respectively.
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